We investigate a spin-electricity conversion effect in a topological insulator/ferromagnet heterostructure. In the spin-momentum-locked surface state, an electric current generates nonequilibrium spin accumulation, which causes a spin-orbit torque that acts on the ferromagnet. When spins in the ferromagnet are completely parallel to the accumulated spin, this spin-orbit torque is zero. In the presence of spin excitations, however, a coupling between magnons and electrons enables us to obtain a nonvanishing torque. In this paper, we consider a model of the heterostructure in which a three-dimensional magnon gas is coupled with a two-dimensional massless Dirac electron system at the interface. We calculate the torque induced by an electric field, which can be interpreted as a magnon spin current, up to the lowest order of the electron-magnon interaction. We derive the expressions for high and low temperatures and estimate the order of magnitude of the induced spin current for realistic materials at room temperature.
I. INTRODUCTION
The surface of a three-dimensional topological insulator (TI) is described by gapless Dirac electrons that have their spin locked at a right angle to their momentum 1,2 . Owing to this property, known as spin-momentum locking, an electric current in the surface is spin polarized and generates nonequilibrium spin accumulation s neq whose direction is perpendicular to the electric current and parallel to the surface (the Rashba-Edelstein effect [3] [4] [5] [6] ). Recently, couplings between the spin-momentumlocked surface state and magnetism have been studied, both theoretically 7-11 and experimentally [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In magnetically doped TIs under an electric field, spin accumulation on the surface state causes a spinorbit torque 23, 24 T ∝ s neq ×M , whereM is the normalized magnetization vector of the magnetic dopants [12] [13] [14] . The anomalous Hall effect measurements in a (Bi x Sb 1−x ) 2 Te 3 /(Cr y Bi z Sb 1−y−z ) 2 Te 3 bilayer film have shown the existence of the giant spin-orbit torque at the interface 12 . In TI/ferromagnet (FM) heterostructures, a spin current injected by spin pumping is converted to an electric current via the inverse RashbaEdelstein effect. This phenomenon has been observed for a metallic FM permalloy 15 and for a magnetic insulator yttrium iron garnet (YIG) 16 . In this paper, we consider a TI/FM heterostructure in the presence of an electric field applied perpendicularly to the in-plane magnetization [ Fig. 1(a) ]. Although the conventional spin-orbit torque is zero, a coupling between electrons and low-energy spin excitations, known as magnons, enables us to obtain a nonvanishing torque. We calculate microscopically this type of torque, which can be interpreted as a magnon spin current in the FM. This paper is organized as follows. In Sec. II, we define a model of the TI/FM heterostructure. In our model, Dirac electrons in the two-dimensional surface state and magnons in the three-dimensional FM are coupled through the s-d interaction at the interface. In Sec. III, we define the spin current operator at the interface and outline the calculation of the spin current. Based on the Kubo formalism, we evaluate the lowest-order contributions of the electron-magnon interaction. In Sec. IV, we discuss the impurity vertex corrections. We conclude that the corrections to the electron-magnon vertexes are not important for large chemical potentials. In Sec. V, we derive the expressions of the spin current for highand low-temperature limits. In the derivation, we assume that the chemical potential is much larger than the other energy scales: temperature and magnon energies. In Sec. VI, we discuss a quantitative estimate for realistic materials and summarize our work.
II. MODEL
In this section, we describe a low-energy effective model of the TI/FM heterostructure [ Fig. 1(a) and 1(b) ]. In this paper, we set = k B = 1.
A. Surface state
A minimal Hamiltonian for the topological surface state is given by
where (ψ, ψ † ) are the two-component spinors of the surface-state electrons, k = (k x , k y ) is the electron mo-mentum, v is the Fermi velocity, µ > 0 is the chemical potential, andσ i are the Pauli matrices in spin space. In the second line, we define the projection operators |k, ± k, ±| = [1 ± d(k) ·σ]/2 for the upper and lower bands with energies ξ ± k = ±v|k| − µ, where d(k) = (sin θ k , − cos θ k , 0), and θ k is the polar angle of the momentum k.
In the following, we assume that the surface state is disordered by nonmagnetic impurities. The thermal Green's function of electrons is given bŷ
where ω n = (2n + 1)πT , T is the temperature,Σ imp is the impurity self-energy, and
In the second line, we use the relaxation time approximation and introduce the impurity relaxation time τ .
B. Magnon gas
For simplicity, we assume that the FM is described by an isotropic Heisenberg model. We consider the case where spins in the FM are parallel to the y direction, which is perpendicular to the electric field E = (E x , 0, 0) [ Fig. 1(a) ]. The low-energy spin excitations of the FM are described by the magnon operators (a, a † ), which are introduced by the spin-wave approximation:
where S i and S 0 are the spin density operators and the magnitude of the spin density in the FM, respectively. In the following, we regard the FM as a three-dimensional magnon gas with a quadratic dispersion. Using magnon operators, we obtain a low-energy effective Hamiltonian for a three-dimensional isotropic FM:
where q = (q x , q y ) is the two-dimensional momentum, q n = nπ/La (n = 0, 1, . . . , L − 1) is the z direction momentum, and ω q,qn = D(|q| 2 + q 2 n ) is the magnon dispersion with the stiffness D. We assume that the system has L sites with the lattice constant a in the z-direction [ Fig.  1(b) ]. We also assume that the magnon wave function in the z-direction is given by φ qn (z) = 2/L cos q n z, which obeys the Neumann boundary condition 25 :
Note that this boundary condition is approximately valid in the case where the interaction between electrons and magnons at the interface is small. Using the above wave function, we obtain
where i = x, z. Assuming that the dissipation of the magnon gas is negligible, the thermal Green's function of magnons is given by
where ω m = 2πmT .
C. Electron-magnon interaction
To include the interaction between the TI and the FM, we start with the s-d Hamiltonian:
. The solid and wavy lines denote the electron green function G and spin-spin correlation function χ, respectively. The dotted line describes the external electric field.
where J sd is the s-d exchange coupling. In this Hamiltonian, the effect of the y direction coupling is nothing other than the constant electron momentum shift in the k x direction, which does not affect transport. The remaining part can be rewritten as the following electronmagnon interaction:
where we use Eq. (5).
III. FORMULATION
In this section, we outline the calculation of the spin current generated by the electron-magnon scattering. In the following, we perform the perturbation calculation with respect to J sd by assuming J sd ≪ µ. The validity of this assumption is discussed in Sec. VI. At the interface, the spin current is equivalent to the torque induced by the electron-magnon interaction, as discussed in the Introduction. Thus, the spin current operator at the interface is given by
where
y , and V is the twodimensional volume of the interface. The expected value of j S y z in the presence of the electric field E = (E x , 0, 0) is given by the Kubo formula
by the analytic continuation iω n → ω + i0. Here
In the case of the conventional spin-orbit torque, lowest-order contributions to Eq. (10) are O(J sd ):
where S j eq is the equilibrium expectation value of the FM spin. In our case, on the other hand, O(J sd ) contributions do not exist since S x eq = S z eq = 0. The lowest-order (J 2 sd ) contributions to K y (iω n ) are expressed diagrammatically in Fig. 2 . (See Appendix A for details of the calculation.) In this section, we drop impurity vertex corrections that are discussed in Sec. IV. The contribution from Fig. 2(a) , K y(a) (iω n ), is given by
is the spin-spin correlation function. In the third-and fourth-lines, we use Eq. (2). The third-line factor can be interpreted as the transition probability of electron-magnon scattering processes in the spin-momentum-locked bands. A similar expression is obtained for Fig. 2(b) .
In the following, we focus on the scattering processes on the Fermi surface, which contribute dominantly to the diffusive phenomenon, and set α = β = γ = + [ Fig. 1(c) ]. By using standard analytic continuation techniques (Appendix B) and the relationship
we obtain
where n B (x) and f (x) are the Bose and Fermi distribution functions, respectively. 0 denotes the expectation value without vertex corrections. We replace qn with (La/π) dq in the limit as L → ∞. The spin current discussed in this paper is mainly generated by the electron-magnon scattering between the opposite sides of the Fermi surface with the opposite spin directions. The spin current generated by the electron-magnon interaction has been studied in Ref. [30] , which is only nonzero for a finite bias voltage due to the absence of the spinmomentum locking.
IV. VERTEX CORRECTIONS
In this section, we discuss the impurity vertex corrections in the Born approximation. The corrections to the electron-external field vertex and the electron-magnon vertexes are shown in Figs. 3(a) and 3(b) , respectively.
The self-consistent equation that corresponds to Fig.  3(a) is given bŷ
where ν is the density of states at the Fermi energy, and Λ 0 eE = −vσ y andΛ eE are the bare and renormalized electron-external field vertexes, respectively. By solving Eq. (16), we obtain 27-29
The self-consistent equation that corresponds to Fig.  3(b) is given bŷ where i = 1, 2 denote the spin current and the s-d interaction vertexes, respectively. It is not easy to compute these corrections since the vertexes depend on the magnon momentum q. Instead of the direct calculation, we here give a brief discussion. In the limit µ ≫ ω q,q , which we consider in the next section, the electronmagnon scattering k → k + q is approximately on-shell. For sufficiently large q, the amplitude of the scatterings p → p + q (|p| ∼ |k|) are negligible since the scatterings are off-shell [ Fig. 3(c) ]. Thus, the vertex corrections are suppressed due to the small value of the internal-momentum integral in Eq. (18) . The above discussion can not be applied to small q. For sufficiently small q, almost all scatterings p → p + q (|p| ∼ |k|) are approximately on-shell [ Fig. 3(c) ]. In this case, the vertex corrections for small q are not negligible, since the selfconsist equation has the same form as Eq. (16):
By solving Eq. (20), we obtain
Although there are the corrections for small q, we here drop the electron-magnon vertex corrections. To justify this approximation, we rewrite Eq. (15) as follows:
where A 0 is a θ k -independent function. Since the contribution from q:small is small due to the factor (cos θ k − cos θ k+q ), the electron-magnon vertex corrections to A 0 for small q do not change the spin current expression drastically.
In the following, we include only the correction to the electron-external field vertex and use the following expression for the spin current:
V. EXPLICIT CALCULATION
To evaluate Eq. (23), we assume that µ ≫ ω q,q , T . In this limit, the following approximations are valid:
where k F = µ/v is the Fermi wave number.
In the following, we evaluate Eq. (23) for the two limits: T ≫ ω q,q and T ≪ ω q,q . (See Appendix C for details of the calculation.) Using Eqs. (24) and n B (ω q,q ) ≃ T /ω q,q ≫ 1, we obtain the following expression for Eq. (23):
where we insert and k B for convenience. Note that the ratio of the spin current to the electric current does not depend on the chemical potential:
where we use j x = (e 2 µτ /4π )E x 31 .
B. Low-temperature limit (T ≪ ωq,q)
In this limit, f (ξ
Using n B (ω q,q ) ≃ e −ωq,q/T , Eqs. (24), and Eq. (27), we obtain
In contrast to the high-temperature limit, the ratio depends on the chemical potential µ = vk F . Also, the temperature dependence of the magnon spin current is different from that for high temperatures.
VI. DISCUSSION AND SUMMARY
As discussed in Sec. V, the dominant terms to the spin current include the magnon distribution function n B (ω q,q ). Thus, the spin current is enhanced at high temperatures where a lot of magnons contribute to the scattering processes. For a quantitative estimate, we consider a TI/YIG heterostructure at room temperature. . Experimentally, the Fermi wave number is a tunable parameter. We here choose k F ∼ 10 9 /m. Although the value of the s-d coupling J sd in this system is not well known, we adopt J sd ∼ 10 meV obtained in the Supplemental Material of Ref. [15] . For these parameters, J sd /µ ∼ 10 −1 , which justifies our perturbation theory. The spin quantum number of the spins in YIG, S 0 a 2 in this paper, is 10 per unit cell 36 . Using Eq. (25), we obtain j S y z /E x ∼ 10 1 ( /e) (Ω cm) −1 , whose dimension is the same as the spin Hall conductivity. Although the phenomenon discussed in this paper differs from the spin Hall effect, it is interesting to note that this is an order of magnitude larger than the typical value for a semiconductor 37 . Recently, spin current in a trilayer TI/Cu/FM was evaluated experimentally by means of the spin torque ferromagnetic resonance 18 . Except for the minor difference between the bilayer and the trilayer, our theory is expected to be experimentally accessible.
The same effect would occur in electron gas systems with the Rashba spin-orbit interaction due to the presence of two spin-momentum-locked Fermi surfaces. However, the large portion of the effect from the two Fermi surfaces with opposite chirality is reduced, and the spincharge conversion efficiency would be lower than that of the TI/FM interface.
In summary, we have studied electrical transport in a topological insulator/ferromagnet heterostructure in which the magnetization is perpendicular to the electric field. We have derived the expressions of the spin current induced by the coupling between the spin-momentumlocked surface state and magnons. We here calculate the correlation function Eq. (13) . To simplify the notation, we use K for three-dimensional momentum summation. In the imaginary time representation, the correlation function is calculated as follows:
Using the Wick's theorem and the Matsubara Fourier transformation, we obtain the O(J 2 sd ) contributions [see Eq. (13) and Fig. 2 ] to K y (iω n ) in terms of Green's functions Eqs. (2) and (6). where we use n B (−x) = −n B (x) − 1 and n B (x − iλ) = −f (x). We omit sgn(λ)i/2τ .
Summation over the Fermionic Matsubara frequencies
In the following, we calculate the summation
In the presence of the impurity self-energy, the Matsubara sum can be calculated as follows:
where ℜ[z] denotes the real part of the complex z, ξ denotes ξ + k , C denotes the path described in Fig. 4 , and x) , and using
, we obtain the expression in Eq. (15) . It is important to note that the imaginary parts of the Figs. 2(a) and Fig. 2(b) cancel each other out.
Appendix C: Calculation of momentum integral
Here we perform the momentum integration in Eq. (15) . Using θ ≡ θ k and θ ′′ ≡ θ k − θ k ′ , we obtain cos θ k (cos θ k − cos θ k ′ ) = cos 2 θ(1 − cos θ ′′ )
− sin θ cos θ sin θ ′′ .
Because the angular integration of the second-line term is zero, we keep the first-line term henceforth. In the following, we replace dθ k dθ k ′ with dθdθ ′′ .
High-temperature limit
As discussed in Sec. V, we replace the two statistical factors, {n B (ω) + f (ξ + )} and {n B (ω) + 1 − f (ξ + )}, with T /ω. Using Eqs. (24), we can perform the following integration:
2. Low-temperature limit
As discussed in Sec. V, we replace the two statistical factors, {n B (ω) + f (ξ + )} and {n B (ω) + 1 − f (ξ + )}, with e −ω/T . Using Eqs. (24), we can perform the integration as:
where I n (x) is the modified Bessel function of the first kind. In the last line, we use the asymptotic form for x → ∞: [I 0 (x) − I 1 (x)] ∼ e x /(2x √ 2πx).
